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Calculation of Forced Whirling and Stability 
of Centrifugal Pump Rotor Systems 
Although common problems with well established solutions are met in all rotor systems 
embodying hydrodynamic bearings, a number of factors peculiar to centrifugal pumps 
radically affect their vibrations response. Close internal clearances retaining pressure 
act as powerful hybrid bearings. In high performance pumps with vaned diffusers, 
large hydraulic forces are exerted on the rotor at part-load: these forces depend quali-
tatively and quantitatively on the ratio of flow to optimum flow. A calculation method 
taking all relevant factors into account is described. Some typical forced whirling re-
sponse and stability results for a multistage rotor system are given. The application 
of calculations to remedial action in a service problem is described. 
Introduction 
TH I HE PROBLEM of lateral vibrations and stability of 
flexible rotors in hydrodynamic bearings has been extensively 
studied [1, 2, 3, 4, 5, 6].1 A good understanding of response to mass 
unbalance and bearing induced instabilities exists. This is 
directly applicable to centrifugal pump rotors. There are, how-
ever, a number of factors peculiar to these rotors. 
Lateral vibrations of pump rotors are greatly influenced by 
hybrid bearing forces at close internal clearances retaining pres-
sure, such as impeller and balance drum neck rings. Boiler 
feed pumps are often required to run safely when vapor locked, 
thus having to satisfy two widely different frequency spectra 
and stability limits [7, 8]. The bearing properties of plain and 
serrated neck rings are now well enough known to be included in 
shaft vibrations calculations in a way similar to linearized hydro-
dynamic bearing dynamic coefficients [9, 10, 11]. In high head 
per stage pumps with vaned diffusers, some severe vibrations 
troubles can occur when running at part load or closed discharge 
valve. These are due to lateral interactions between diffusers 
and impellers which are as yet imperfectly understood. How-
ever, recent experimental studies of these forces [12] clarify their 
nature and allow empirical estimates to be included in calculations 
of vibrational response and stability. 
A vibrations and stability check of a centrifugal pump rotor 
system involves the examination of several sets of conditions, 
1 Numbers in brackets designate References at end of paper. 
Contributed by the Vibration and Sound Committee of the Design 
Engineering Division of THE AMERICAN SOCIETY OF MECHANICAL 
ENGINEERS and presented at the Design Engineering Technical 
Conference, Cincinnati, Ohio, September 9-12, 1973. Manuscript 
received at ASMB Headquarters June 6, 1973. Paper No. 73-DET-
131. 
bringing into play widely different sets of cross coupling forces 
due to bearings, pressure seals and diffuser impeller interaction. 
The Rayleigh-Rit7/ method [5, 6] can be accurate with a suitable 
choice of assumed modes. It then has the advantage of rep-
resenting the detail of a complex rotor system with relatively few 
degrees of freedom. This particularly useful in the present ap-
plication. 
The paper gives a description of the calculation method 
adopted, with a summary of the force systems to be taken into 
account. Some results of calculations for a typical multistage 
pump and drive motor in four hydrodynamic bearings and em-
bodying a flexible coupling are presented. The application of 
calculations to guide remedial action in a service problem is de-
scribed. 
It is concluded that calculations of vibrations response and 
stability of pump rotors can be carried out including a good 
representation of effects peculiar to pumps. The results yield 
estimates of vibrational excursion of the rotor useful in deter-
mining the mechanical safety of the rotor system under various 
operating conditions. 
Dynamic Analysis and Discussion of Forces 
If all forces in the rotor system are linearized, equations of 
motion may be formed as 
[4][g] + [B}[q] + [C][q] = [Q] (1) 
where [q] 
and [Q] 
— ----- are generalized coordinates 
L?« J 
= ----- are generalized applied forces. 
L y^i- J 
"A~\A'J"] 
[A] = I —--]---"---• | and similar partitions of [B] and [C] are 
convenient. 
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SCHEMATIC OF 6-STAGE PUMP ROTOR SYSTEM. 
Fig. 1 Schematic of six stage pump and drive motor 
The coordinates q are associated with mode shapes, so that 
2/(0 = £ qvi(t)-Mx)\ 
z{t) = YJ <Z»(0-<M*) 
l 
(2) 
The mode shapes are assumed functions. Good accuracy is 
possible only if the boundary conditions for deflexion, slope, 
bending moment and shear are met. In the present analysis 
this is ensured by using the eigenvectors of the rotor system in 
"single stiffness" bearings, using the transfer matrix method 
[13]. Rigid body translations and rotations are added as further 
modes.. Where a rotor is in segments connected by flexible cou-
plings two such modes per segment are included. The modes 
being defined, the matrices [A], [B], and [C] are filled treating 
equations (1) as a Lagrangian set. This process depends on the 
system parameters and forces as follows. 
(i) Rotor Inertia. If this is due to concentrated masses of finite 
dimensions assumed radially symmetric, their contribution is 
derived from 
T = 2 my(t)2 + 2 mz(ty 
Gy = -mk 
-mk 
tHj'{t) + mfc„V(0\ 
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Fig. 2 Root loci, vapor locked and optimum flow 
(ii) Flexural Rigidities. The transfer matrix method generates 
4>i{x), 4>i'(x) and the bending moments M;(x) corresponding to 
these shapes. If, then A4>i(x), A(f>i'{x) represent the deflexion 
and slope discontinuities at a coupling, the potential energy of 
flexure is 
x))Hx 
J 2EI J 2EI 
+ 2y2ff{(27i,;-A<Mz))
2 + (S^-A^CO)'} 
+ 2V,D{'(SftiArf.i'(x))» + (2^A<£/(z))'} (6) 
Hence, the contribution due to a shaft element between transfer 




[MriMrj + M"(r+l),M. <'+!» 
+ l/,MriMlr+lh- + \/2M(r+l) <M„}] (7) 
[G»] = [C„] = 0 
where 
Ax = xr+i — x,, i, j = 1, 2,. . . 
and the contribution of a coupling is 
[Cyy] = [Cy = [HA4>i(x)A4>Ax) + DA^'(x)A<j>d 
[CV,\ = [Czy] = 0 
</(*)]) 
(8) 
(iii) Bearings and Neck Rings. For either a bearing or a neck 
ring, the force exerted on the shaft may be linearized to 
-Nomenclature-
[A], [B], [C] = inertia, damping, and 
stiffness matrices 
dyv, o-vi, fl2», atz — seal/bearing accelera-
tion coefficients 




D = flexure stiffness of cou-
pling 
EI — flexural rigidity 
F = magnitude of rotating 
force 
Oyx, Ozx — external bending couples 
in yx, zx planes 
H .= shear stiffness of cou-
pling 
j = V - l 
/Cj,, kt = polar and transverse 
radii of gyration 
m = mass 
Pi = iih complex eigenvalue 
[?]> Ivh <?«' = generalised coordinates 
[Qh Qvi) Qzi = generalised forces 
t = time 
T = kinetic energy 
V = potential energy 
x = axial coordinate of ro-
tor axis 
y, z — transverse coordinates 
of rotor axis 
A = mass unbalance eccen-
tricity 
4>i(x) = assumed mode function^ 
X, A„ = diffuser force coefficients 
ffi = real part of ith eigen-
value 
Qi = imaginary part of i th 
eigenvalue 
SI = nonsynchronous rota-
tional speed 





where s is any variable 
(eg., y, z, or q) 
*'. *' = ± > ^ 
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. K h„. J L 2 J c« J L 2 J 
(9) 
In the case of bearings, fluid inertia effects of the lubricant film 
are normally supposed negligible so that the "a" coefficients are 
zero. In ring seals, where the Reynolds numbers of the fluid 
film may be very high, this is not the case [9, 10, 11]. In the 
calculation programs, bearing coefficient data are held in the 
form of polynomial curve fits: the appropriate pressure field 
solutions over a range of journal eccentricities are carried out 
in a separate program. Neck ring coefficients are calculated 
directly within the dynamic analysis programs. 
The contributions to the matrix coefficients are then derived 
from generalised forces 
and become 
Q*i = F,<j)i(x) 
[Ayy] = [Saw0i(a;)f/)y(.T)] 
[A„J = [Sa„A(a;)^j(a:)] 
[Any] = l'ZaZy<t>i(x)(j)j(x)] 
[A„] = [2a„<Mz)«k(aO] 
(10) 
(11) 
with analogous contributions to [B] and [C]. 
(iv) Diffuser Forces Due to Impeller Eccentricity. A t p a r t load, 
mainly radial destabilizing forces are exerted on an eccentric 
impeller due to variations of loading of the diffuser vanes. Re-
sults of direct force measurements presented in [12] show that 
these forces have an appreciable cross coupling component. 
If, as suggested by [12], it is assumed that the diffuser vane 
loading varies locally in proportion to the incidence angle of 
outflow from the impeller and the force is integrated on this basis, 
RH - A c A + 
' - ^ o 
0 
• A . 
(12) 
The coefficients A, Xc may be inferred empirically from (12) as 
functions of the ratio of flow to optimum flow. 
These forces contribute to the [B] and [C] matrices in the 
same way as bearings. They are comparable with the stiffening 
effect of neck-rings, eg., impeller wearing rings, in magnitude 
and may therefore lower the onset speed of unstable whirling 
considerably. 
(v) "Externally Applied" Rotating Forces. If P denotes a force 
rotating at fi and leading a timing datum on the shaft reference 
frame by \p, 




}yi = F<f>i(x)e H .jai 
'*.jat = -jFfrW 





F = ??iAco2 
If a number of mass eccentricities are specified, 
Qyi = 2mA4>i(x)uV+-e:>at 
At very low flows, approach shut discharge valve, unstable 
flow may develop through the diffuser and impeller vanes. A 
fairly regular rotating stall at a low subsynchronous speed is 
formed imposing large rotating forces on the impeller. An assess-
ment of the magnitude of this excitation is possible from the ex-
perimental results given in [12]. I t is possible to reduce or 
eliminate this excitation by careful hydraulic design [14]. Where 
pumps are required to run at low or zero discharge for some time, 
eg., standby boiler feed pumps, it is necessary to ensure that the 
rotor can withstand this form of excitation. 
Stability and Forced Response 
Stability may be examined through the complementary 
tion of equations (1): with [Q] = 0, assume 
func-
where 
[q] = [^]e"' 
Pi — en + j'O; 
Then the eigenvalues p,- of free motion and the corresponding 
eigenvectors are determined by 
[Ap* + Bp + c\ m = o (16) 
Instability occurs when any real part <r, is positive. In the cal-
culation program, the Qli algorithm [15] is used. The cross 
coupling forces due to bearings, close internal clearances and 
diffuser interaction all depend on shaft speed. I t is therefore 
helpful to examine root loci of the eigenvalues with shaft speed 
as parameter for a number of operating conditions: optimum 
flow, a number of fractions of optimum flow and dry (vapor 
locked) running. 
The calculation of forced response to mass unbalance or non-
synchronous rotating forces entails evaluation of the particular 
integral of equations (1) with [Q] defined by equations [14]. 
The particular solution of the generalized coordinates is 
I?] = [C (17) 





at any shaft location x. 
Application of Stability and Forced Response Calculations 
A six stage boiler feed pump, flexibly coupled to its driving 
motor, is schematically shown in Fig. 1. Both rotors are in 
circular hydrodynamic bearings. The normal speed for optimum 
flow with a head of 500 ft per stage is 5000 rev/min. Impeller 
4 6 o a o I SHAFT SPEED 
a 8ooo J REV/M1M. 
3 o % OF OPTIMUM FLOW 





H 5 ) Fig. 3 Root loci at 3 0 percent of optimum flow, nominal and worn in-
ternal clearances 
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wearing ring and balance drum clearances are assumed of pro-
portions typical in current practice. The pump shaft is flexible, 
the fundamental critical speeds when vapor locked being well 
below the normal running speed. The principal data of the rotor 
system are given in the Appendix. 
Calculations as described in the preceding paragraphs were 
carried out covering the shaft speed range 1500-8000 rev/min. 







at optimum flow 
at 30 percent of optimum flow 
at 30 percent of optimum flow with heavily worn internal 
clearances. 
Eight modes, ie., sixteen cross coupled degrees of freedom, were 
used. The bearings are sized to be moderately well loaded, the 
• eccentricity ratios varying between 0.4 and 0.8 in the speed range 
examined. 
The results of the stability checks are presented in root locus 
plots with shaft speed as parameter. Conditions (a) and (b) 
are covered in Fig. 2; conditions (c) and (d) are covered in 
Fig. 3. Only complex roots within the frequency range of running 
speeds are shown. Instability occurs when a branch of the root 
locus enters the right half plane. 
Instability occurs at 5900 rev/min in the form of a resonant 
whip at 0.415 (shaft speed) when running vapor locked. At 
optimum flow, when the destabilising influence of the diffusers is 
negligible, stability prevails to speeds well over 10000 rev/min 
due to the additional stiffness and damping of internal clearance 
seals. At 30 percent of optimum flow the instability threshold 
falls back to 7900 rev/min; when the internal clearances are 
assumed so worn as to be ineffective as bearings, this threshold 
drops to 4000 rev/min. 
Forced response amplitudes with a specified mass unbalance 
are shown in Fig. 4 and Fig. 5. Amplitudes at a central point 
in the pump shaft, and a t the drive end bearing are shown. Fig. 
4 shows the vapor locked and optimum flow cases; the damping 
and stiffening effect of the internal clearance seals is clearly seen, 
the sharp resonant peaks of the vapor locked response being much 
reduced and smoothed out. Fig. 5 shows the responses a t 30 
percent of optimum flow; when the bearing effects of internal 
clearances are neglected, the i-esponse shows only one resonant 
peak as compared with the two distinct peaks of the vapor-locked 
case, due to the assumed symmetry of cross coupling diffuser 
forces. 
Vibration orbits a t the vapor locked and optimum flow reso-
nance points are shown in Fig. 6, demonstrating the smoothing 
due to bearing action of internal clearance seals. The orbits of 
the unstable mode in the vapor-locked case, at instability onset, 
are also shown in Fig. 6; these are drawn to an arbitrary scale, 
but comparison with the resonance orbits confirms the instability 
to be a resonant whip of a fundamental vibration mode. 
Application to a Service Problem 
A three stage boiler feed pump was designed for a head of 
3000 lb/in.2 at 6700 rev/min. The pump had to meet a vapor 
locked running requirement. Axial thrust was therefore taken 
by a balance drum and external thrust bearing and the shaft 
designed for a first critical speed of 2750 rev/min vapor locked, 
well below the normal running speed. Clearance seals at im-
peller wearing rings and at the balance drum were deeply ser-
rated. Circular hydrodynamic bearings were used. 
During testing of the prototype, displacement transducers 
were fitted at the suction and discharge glands, close to the bear-
ings. In dry running tests, a well developed half speed whirl 
was in evidence at a running speed of 6000 rev/min, leading on 
one occasion to seizure in the suction gland. Tests at low flow 
ratio showed high amplitude fractional frequency nonsyn-
o - o l 
Fig. 4 
S H A F T SPEeo P'Ev/MifJ x lo 
Response lo mass unbalance, vapor locked and optimum flow 
chronous vibrations; the amplitudes recorded in this condition 
were higher than those of the unstable whirl in dry running. At 
optimum flow, only relatively low level and regular synchronous 
vibration was recorded. 
Eventually, the shaft seized at the balance drum when the 
pump was running with shut discharge valve. At this stage, a 
series of dynamic response calculations was carried out to check 
the existing state of affairs and to "suggest remedial measures. 
Onset of unstable whirl with dry running was calculated to occur 
at a running speed of 4500 rev/min. Mass unbalance response 
calculations for the optimum flow condition were carried out with 
assumed mass unbalance at the drive end coupling and thrust 
bearing, so proportioned and phased as to produce the recorded 
displacement orbits as closely as possible. This was done to 
establish a basis for comparative calculations to check the effect 
of design modification proposals. Forced vibration due to dif-
fuser rotating stall forces at one-tenth shaft speed, according to 
[12] was calculated, with the result that the predicted whirl 
orbit at the balance drum occupied 70 percent of the available 
clearance space. This was considered to be an inadequate safety 
margin, in view of the empirical estimate of the applied forces. 
I t was proposed that the dry running instability could be 
overcome by fitting commercially available "offset halves" anti 
whirl bearings. The part load vibrations could be contained 
by replacing the deeply serrated clearance seal of the balance 
drum with a plain seal, so interposing a very effective hybrid 
bearing to stiffen the weak middle third of the pump shaft. 
Repeating the forced response calculations with the plain balance 
drum seal showed a vibrations amplitude reduction by a factor of 
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Fig. 5 Response to mass unbalance at 3 0 percent of optimum flow, nom. 
inal and worn internal clearances 
5 in the central portion of the shaft, and by a factor of 3 in the 
discharge gland. 
The recommended modifications were carried out and success-
ful running of the prototype was achieved under all flow conditions 
including dry running. In this instance, because of the dry 
running requirement, both the bearing and clearance seal modi-
fications are equally necessary. If the dry running requirement 
is discounted, increasing the bearing strength of internal clear-
ances by reducing or eliminating serrations would suffice both 
to avoid unstable whirling and contain forced vibrations at part 
load well within available clearances. 
Discussion and Conclusion 
This paper has aimed to demonstrate that a vibrations analysis 
of a pump rotor system comprises widely different sets of force 
systems according to various operating conditions. 
The hybrid bearing action of close clearance pressure seals 
can be used to reduce the amplification of resonant peaks and the 
vibration amplitudes due to fractional frequency subsynchronous 
hydraulic forces. 
Large vibrations amplitudes at part load or shut discharge 
valve remain a dangerous problem in boiler feed pumps. Where 
these are due to rotating stall there is some hope of removing the 
excitation by improved hydraulic design. I t is now possible to 
assess the magnitude of rotating stall forces at least roughly. 
Also, it is possible to ensure stiffness, damping and/or reduced 
cross coupling from bearings and pressure clearance seals for safe 
running without excessive wear. 
SYNCHRONOUS 
24°° RLV/MI"). 
SET. VAPOUR LOCKED. 
S9°o CEV/MW. 
(WHIRL RATIO 0- + I5J 
Fig. 6 Synchronous and unstable whirl orbits 
Apart from the excitation due to unstable diffuser flow at 
very low flow rates, large destabilizing forces originating in the 
diffusers also exist in part load operation when the flow in the 
diffusers is stable. These can lower the onset speed of whip 
instability. 
Some results of calculations have been presented on the prin-
ciple of the Rayleigh-Ritz method. Assumed modes are gen-
erated by a transfer matrix analysis of the rotor system simpli-
fied only by the removal of cross coupling forces. The purpose 
is to cut down the number of degrees of freedom needed for an 
adequate description of a complex rotor system. In the example 
presented 8 modes, i.e., 16 degrees of freedom of the cross coupled 
system, were used. When the number of modes is raised to 12, 
none of the first 8 pairs of complex eigenvalues is changed by more 
than 1 percent and there is no discernible change in the corre-
sponding eigenvectors. I t is concluded that the saving of large 
matrix handling afforded by using only a few properly chosen 
generalised coordinates is a valid economy. 
Realistic estimates of vibrations response under, all likely 
operating conditions can be made at the design stage, providing 
guidance for the detail design of a mechanically durable rotor. 
The usual practice has been to do little more than a check for 
critical speeds ignoring all cross coupling or damping effects at 
the design stage, leaving more thorough investigations of vibra-
tions response and stability aside except for machines in service 
trouble. Many such service problems are avoidable by in-
corporating thorough vibrations response checks in the design 
stage. 
A P P E N D I X 
Principal Data for Six-Stage Pump Problem. 
Weight of pump rotor 1200 lb 
Weight of motor rotor 2500 lb 
Flexural rigidity (mean) of pump shaft 2 .0.109 lb in.2 
Flexural rigidity (mean) of motor shaft 5.0.1010 lb in.2 
Shear stiffness of coupling 105 lb/in. 
Flexure stiffness of coupling 106 lb in/radn 
Pump bearing dimensions: 3 in. diameter, 1.5 in. length, 0.004 in 
clearance 
Pump impeller wearing ring dimensions: 
Balance drum clearance seal dimensions: 
Motor bearing dimenions: 4 in. diameter, 
clearance 
8 in. diameter, 1 in. 
length, 0.017 in. 
clearance 
9 in. diameter, 8 in. 
length, 0.02 in. 
clearance 
Serrations 0.05 in. 
deep 
2 in. length, 0.005 in. 
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- D I S C U S S I O N 
E. Makay2 
The writer is to be congratulated for bringing up for discussion 
a difficult pblem that is of great concern today in large nuclear 
and fossil plant applications of high-speed, large-size centrifugal 
pumps. The subject of operating pumps in vapor-locked condition 
is of special interest to us. While the United States utilities are in 
the process of determining safe minimum flow limits for nuclear 
applications, the European utilities specify proof that the same 
pumps can withstand a severe "dry-run" (vapor-locked) operat-
ing mode without any visual damage to pump internal compo-
nents. Such requirements would be quite unique in the United 
States today; however, the thought is gaining room in order to in-
crease nuclear plant reliability and is predicted to be a basic re-
quirement in the near future. 
The writer refers to a very relevant subject of vibration prob-
lems at part-load capacity operation of vaned diffuser pumps. He 
concludes that these forces depend on the ratio of flow to opti-
mum flow. We fully ascribe to this finding of Dr. Black, and 
would like to add to it—namely, there are many design details 
that influence the onset of instability, as well as the amplitude 
and especially the frequency of the resultant excitation. Such fac-
tors are: number of impeller and diffuser vanes, impeller exit to 
casing geometry, impeller-to-diffuser radial gap (D2/D3), impel -
ler-to-diffuser width ratio (62/63), impeller eye size CD1//J2), im-
peller wear-ring geometry, pump stage specific speed (relative en-
ergy input), and some design factors containing the "signature" 
of the individual hydraulic designer. We measured subsynchro-
nous frequencies from less than one-tenth to as high as 0.78 times 
rotational speed, depending on which of the above-mentioned 
phenomena was causing the excitation, and also on the specific 
speed of the pump stage. The writer, in addition to the usual dy-
namic imbalance, bearing and seal forces, makes an attempt to 
handle hydrostatic action in the seals, impeller radial forces due 
to eccentricity, and rotating stall. Such an approach is far 
ahead of the usual practice of manufacturers. The writer 
assumed a one-tenth subsynchronous hydraulically excited forced 
vibration in his sample problem, based on the measurements of 
Mr. Hergt. This may not be correct; namely, the above-men-
tioned factors that control or, rather, determine the frequencies of 
excitations, may be entirely different for another pump design 
and specific speed. We would like to elaborate more on this 
subject. 
As sizes and flow quantities of centrifugal pumps increase, me-
chanical excitations of pumps and the piping system are also in-
creasing and becoming more and more critical at off-design flow 
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No. 3N, 1970. 
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FE-38, 1971. 
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International Conference on Fluid Sealing, Munich, Mar. 1973. 
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mechanics Mc-Graw Hill, New York and London, 1963. 
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14, 1970. 
conditions. With smaller sizes, the hydraulically induced (but dy-
namic in appearance) disturbances were small in relative magni-
tude. This phenomenon became significant for large-size units 
such as the present-size primary coolant pumps or nuclear feed 
pumps, and is discussed in reference [16]3 in detail. It is hydrau-
lic in nature (called hydraulic instability hereafter) and is mainly 
the result of secondary flows in the partial pump flow operating 
regime. It can be categorized as: (a) interaction between impeller 
and diffuser, (b) flow stall at the impeller inlet, (c) flow separa-
tion and stall in the stationary guide vanes, (d) recirculation in 
the impeller eye, wear-rings and impeller exit (Fig. 7), and (e) 
vortex formation in the suction pipe [16-18]. It should be pointed 
out that hydraulic instability occurring at part load due to secon-
dary flows in the impeller eye (inlet) is equally severe for diffuser -
or volute-type stages. The interaction between impeller and dif-
fuser is undoubtedly present at low flows; however, it may be an 
order or magnitude less important for high-speed, large-size, reac-
tor feed pumps than the effects of the flow induced instabilities of 
the impeller inlet. 
We feel that incorporating hydraulic instability phenomena in 
dynamic studies presents a formidable problem because of the 
mathematical difficulty, particularly the lack of data on large high-
speed units to support any method of representation. Nevertheless, 
the rapid growth of the utility industry coupled with the stringent 
requirements for increased reliability present a great incentive to 
fully understand this complex subject of hydraulic instability. It is 
3 Numbers in brackets refer to References given at the end of this discus-
sion. 
Fig. 7 Secondary flows in and around an impeller in the off-design flow 
regime. 
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